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The motion of a particle with a spin in spherical harmonic oscillator potential with spin{orbit
interaction is studied. We have focus our attention on spatial motion of wave packets, giving
a description complementary to motion of spin discussed already in [1]. The particular initial
conditions studied here lead to the most transparent formulas and can be treated analytically. A
strong analogy with the Stern-Gerlach experiment is suggested.
PACS number(s): 03.65.Sq, 03.65.Ge, 32.90+a
In a previous paper [1] we have discussed the interesting and strange phenomenon of quantum mechanics, which
we called the spin-orbit pendulum. The eect appears in systems whose Hamiltonians are composed of a spherically
symmetric potential and a spin-orbit interaction when a motion of nonstationary wave packets is considered. The
striking eect predicted by us in [1] consists in periodic oscillations of spin of the system (in terms of expectation
values of all components of ~s operator) accompanied by the corresponding oscillations of orbital angular momentum.
During one period T
ls
of spin-orbit motion the system makes a transition from pure spin state, through (almost) a
completely mixed one with h~si=0 to an (almost) pure spin state with spin reversed, and back. The statement becomes
exact in the limit of high quantum numbers. The formulas given in [1] describe this behaviour in analytical terms.
The focus of that paper was, however, the detailed description of the motion in spin subspace. In present paper we
focus on the orbital motion, giving a complementary description of the entire phenomenon that we propose to call
the microscopic Stern-Gerlach eect. This completes the dicussion. In many details we refer directly to [1].










l  ~) : (1)
In the spin{orbit part a constant form factor  has been assumed. This model is a simplied version of the Nilsson
single-particle model [2] extensively used in nuclear physics to describe the properties of deformed nuclei. Although
spin-orbit interaction has completely dierent physical origin, formally V
ls
term has very similar operator form to
the interaction term in the well known Jaynes-Cummings model [3], which is concerned with behaviour of a two-level
atom interacting in a cavity with one-mode electromagnetic eld in a coherent state. Therefore, as we are interested in
a quantum evolution of a particle represented initially as a coherent state with spin, our model shows many common
features with the Jaynes-Cummingsmodel. The most important dierence is that in our case both subspaces, ordinary
and spin ones, are attributes of the same particle. For more details of analogy of our model with the Jaynes-Cummings
model see [1,4].
We are interested in motion of special family of states, corresponding to classical particles moving on circular orbits.
The general case of elliptic orbits is discussed in [4]. As the initial condition we assume the coherent state of the
harmonic oscillator multiplied by the spin state, the eigenstate of s
u
operator (~u - arbitrary axis). More precisely,
we focus our attention on the particular case in which the ~u direction lies in orbit's plane, i.e. ~u is perpendicular to
orbital momentum. In this particular case the eect we want to discuss is most pronounced. Such initial states are
pure in both subspaces, ordinary and spin ones. Explicitly, we choose (without any loss of generality) Oxy plane as
the orbit plane and Ox as the initial spin direction. Then the initial states take the following explicit form




(j+i+ j i) ; (2)
where the eigenstate of s
x
is expressed explicitly by the eigenstates of s
z
operator (j+i and j i) and jN i is the
coherent state of spherical harmonic oscillator corresponding to a circular orbit. In conguration space it has the
form























This packet has its maximum at (x
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jl l li ; (4)
i.e. it is a linear combination of states with m=l and n=l. This particular state which combine all the partial waves
and consequently will evolve during the time evolution with the spin{orbit coupling by using all the frequencies of
the spin{orbit partners, can be taken as `pseudo' one-dimensional harmonic oscillator coherent state if one dene the
weights 
l















commute, the evolution operator connected with the Hamiltonian (1) can be factorized as




















l ~) in the expansion
of U
ls







= f(t) + g(t)(
~
l  ~) ; (7)
where, with the initial condition U
ls








































and states jlmi are its eigenstates with the eigenvalues (2l + 1).
The separation (6) which is exact if H
0
commutes with the spin-orbit potential allows to consider the full motion of
the system as a superposition of two independent, periodic motions. This is certainly the case for a central potential
in H
0
with a constant spin-orbit term. The motion induced by the U
0
operator is analogous to the motion of a
classical particle, U
0
shifts the wave packet along the classical orbit without any change of its form. On the top of
this `classical' motion there is another one due to U
ls
which we are going to discuss in detail below. Each motion






, and is the
same for all wave packets of the form (4). The frequency of the spin-orbit motion depends only on the strength of the
spin-orbit interaction , for Hamiltonian (1) it is simply !
ls
=(=1 in the chosen time units). Therefore, the strength
of the spin-orbit interaction is the crucial quantity for the relative timescale of both periodic motions. Speaking more






l ~s), with typical values of 
0
=0.060-0.065
(adjusted to reproduce experimental spin-orbit splitting of single-particle nuclear levels). Then the typical spin orbit














. This value shows that in nuclear systems the spin-orbit
motion is roughly thirty two times slower than the orbital one. For a better (and more compact) visualization of the








Let us now see how the state (2) evolves under the spin-orbit evolution operator. Using (8) one obtains
U
ls
(t)jl l l;+i = e
 ilt
jl l l;+i (9a)
U
ls



























From (9) one sees that the evolution of the state (2) makes up a combination of j+i with the state with m = l
and m = l   1 and of j i with m = l. It is straightforward to calculate the average of ~. The results, given by
eqs. (16a-c) of [1] describe the motion in spin subspace and explain the spin collapse and revival analytically in all
details. This motion is shown in Figs. 1 and 2 of ref. [1]. We have stressed there that due to spherical symmetry and
conservation of the average value of the total angular momentum the average orbital momentum must undergo the
corresponding oscillations. The idea of this spin-orbit pendulum has been schematically displayed in Fig. 3 of that
paper. This schematic picture, giving the essential idea of the exchange of average angular momentum between spin
and ordinary subspaces is, however, not precise enough (although it can be considered as a limit for high quantum
numbers, N !1).
The exact motion of h~si and h
~





] is given in Fig. 1 (periodicity
makes the motion in the second half of the period symmetric to the shown one). For higher N the curves described
by L and s present a number of loops and of self intersections which increase with N but the general dynamics is the
same as in Fig. 1: the decrease of h~si is accompanied by a fast rotation around the value taken in the collapsed state.
Also the angles between dierent positions of L decrease for higher N (=L).
Now we would like to come to better understanding of the eect in terms of the orbital motion of the wave packet.
We use the explicit form of the radial and angular part of HO eigenfunctions (see for example [5])


















, spherical harmonics Y
l l

























known normalization factors depending only on l, and l
and =m!
0
























































































The formulas (11-12) give the analytical form of the wave packet as a function of time. The visualization of this motion
is, however, not so obvious and requires numerical calculations. The diculty consists in fact that the amplitude of
the wave packet depends on all three spatial coordinates (r; ; ). Then it is not possible to show the dependence of
the probability amplitude (12) or probability density on all spatial coordinates simultaneously. In the limit of high N ,




































Each component is again a coherent state that moves with H
0
on a circular orbit of radius x
0









, respectively. There is in j	
 
i an overall phase e
it










i, which means that a pure state with spin along  Ox is then observed.
In general case the modication of eqs. (12) by U
0
(t) is very simple. As U
0







jllli, each term of
l-sum gains under the action of U
0







. As the classical motion is described by  variable we can
display the probability density as a function of (r; ) or (; ) after integrating it over the third variable. The former
pair of coordinates was used to show the motion of the wave packet under the action of evolution operator in Figs.
3
2 and 3, for N=4 and N=20 respectively. Striking in this motion is the fact that the action of the U
ls
(t) operator
only splits the wave packet ito two subpackets, one with spin up and the other with spin down. They move with the
same absolute value of the angular velocity !
ls
but in the opposite directions along the orbit. The U
0
(t) adds only
the same classical motion with angular velocity !
0
to the spin-orbit motion. The purity of the state in spin subspace
means here the identical spatial parts of the subpackets (and their complete overlap). The spatial separation during






subpackets overlap again almost completely, but with opposite phases, which leads to the approximate revival of the




(t) are almost the same (the
maximal dierence in probabilities of nding spin up and spin down state doesn't exceed few percent). In the N=4
case the square of 	
+
(t) function, which gains, according to (9b), a term from 	
 
(t), integrated over space variables





. Therefore as it is clearly seen in Fig. 2 the spin up subpacket grows
at the cost of that with spin down. In spite of very smal N even for N=4 both subpackets keep the same form and
behave highly coherently.
Integration over one independent variable causes, however, the loss of important information about the motion
of the packet in this coordinate. Therefore, in Fig. 4, we show the trajectories of the maxima of both subpackets,
discussed above, in the full 3-dimensional space. To simplify the picture the evolution with U
ls
(t) only is displayed.
The dashed thick line represents the trajectory of the maximum of the subpacket with spin down which stays in the
plane of the classical trajectory and for higher N almost coincide with it. The subpacket with spin up makes, however,
more complicated motion, being responsible for changes of the average angular momentum. For N=4 its maximum
starts from the point (2,0,0) in cartesian coordinates and during the collapse time changes quickly the plane of the









li tilted to compensate h~si collapse





there is another change of the plane of this orbit, clearly seen in Fig. 4,
connected with the compensation of the spin reversion by angular momentum. This completes the explanation of the
spin-orbit pendulum in terms of spatial motion of the coherent wave packet. In N=20 case we have qualitatively the
same picture but as 20 s =
1
2
the slope of the orbit is much smaller than for N=4 case.





. The relation between these two frequencies is determined by the distances between
unperturbed energy eigenvalues of H
0
on one hand and spin-orbit splitting on the other. For usual atomic systems
the spin-orbit splitting is very small and the corresponding spin-orbit motion would be negligibly slow with respect to
a lifetime of the system in highly excited, nonstationary state. On the other hand in typical nuclear systems spin-orbit
splittings (or the strength of spin-orbit interaction) are much bigger and both frequencies are of similar order.
The splitting of the wavepacket into two subpackets moving separately in a dierent way, shown in Figs. 2, 3 justies
analogy of this eect to the Stern-Gerlach eect (see extensive discussion in [6]). The best presentation of the full
wave packet's motion is shown in the computer animation [7]. It is interesting that our model presents exact quantum
mechanical calculation of the orbital separation of the spin components without invoking any semiclassical argument.
Moreover in the limit of high N each subpacket is coherent and follows exactly the motion of a classical particle!
Finally in our case the eect is reversible and periodic as it procedes in the simple and integrable case considered
where separation of the orbital and the spin motion results from eq. (6).
As we mentioned before the phenomenon is most pronounced when, in the initial state, the spin is perpendicular
to the average angular momentum because the initial weights of subpackets are identical. The discussion concerning
evolution in the spin subspace for the other cases is contained in [4]. The crucial question is whether it is possible
to prepare an appropriate physical system in this way. We know that in the single-particle stationary states of the
Hamiltonian (1) the only possibility for the spin direction is either parallel or antiparallel to L. The states considered
here are nonstationary. Therefore it seems that the above question can only be answered by a suitable experiment.
The eects discussed above will be tentatively applied to the case of Coulomb potential, particularly for circular
orbits [4]. In this case timescales of the spin-orbit motion and the Kepler motion can be adjusted within some range
by a proper choice of the central charge and the energy of the electron capured to the coherent state (related to
the average n number). Our estimations indicate that hydrogenlike ions with high Z numbers could be promising
candidates for experimental attempts to detect eects predicted by us. Such fully ionized nuclei with high Z which
can be used to capture cooling electrons and form coherent electronic states (by appropriate laser pulses) are available
for example at GSI ESR storage ring. We must, however, pay attention to the spread of wave packets as well as to
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Figure Captions




=2 illustrating oscilations and exchange of angular momenta (spin-orbit pendulum).
Symbols show the equidistant time steps T
ls
=500.
FIG. 2. Motion of the wave packet with N=4 in time range [0; T
ls






















FIG. 3. The same as in Fig. 2 but for N=20 case.
FIG. 4. Trajectories of the maximum of the subpacket with spin up (solid line) and that with spin down (dashed line) on
the sphere (thin circles) with the radius equal to the radius of classical orbit. Top: case N=4, Bottom: case N=20.
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